Abstract. Proofs that a smooth morphism is flat available in the literature are long and difficult. We show that flatness is an immediate consequence of the definition of smoothness.
Let (A, m) → (B, n) be a local homomorphism of noetherian local rings. It is said [EGA, 0 IV .19.3 .1] that B is formally smooth over A if for any A-algebra C and any nilpotent ideal N of C, each A-algebra homomorphism u :
where p is the canonical map. A fundamental result, proved by Grothendieck in [EGA, 0 IV .19.7 .1], says that if B is formally smooth over A then B is flat over A. His proof is long. In the following few years shorter proofs appeared, but based on results whose proofs were long.
In many situations, one is concerned exclusively with smooth algebras, i.e., formally smooth algebras essentially of finite type. In this case, a shorter proof of this result can be seen in [Bo, §7 n.10, Lemme 5], but it uses non-trivial results on smoothness and regularity. There are also two short papers deducing flatness from the Jacobian criterion of smoothness in some particular cases (for an extension of polynomial algebras over a field in [MRW] and in characteristic zero in [MR] ).
In this paper it is shown that flatness is in fact an immediate consequence of the definition of smoothness.
Theorem. Let (A, m) → (B, n) be a local smooth homomorphism of noetherian local rings. Then B is flat as A-module.
Proof. Let R be a localization at a prime ideal of a polynomial A-algebra of finite type such that we have a surjective homomorphism ϕ : R → B. Letφ :R →B be the induced homomorphism between their completions at the maximal ideals. The local A-algebraB is formally smooth [EGA, 0 IV .19.3.6] . As in [EGA, 0 IV .19.3.11] we are going to see that we have a sectionB →R. Let I = kerφ. By induction on i ≥ 2, we construct A-algebra homomorphisms f i :B →R/I 
